We introduce a kind of entangled state-photon-addition two-mode squeezed thermal state (TM-STS) by adding photons to each mode of the TMSTS. Using the P-representation of thermal state, the compact expression of the normalization factor is derived, a Jacobi polynomial. The nonclassicality is investigated by exploring especially the negativity of Wigner function. The entanglement is discussed by using Shchukin-Vogel criteria. It is shown that the photon-addtion to the TMSTS may be more effective for the entanglement enhancement than the photon-subtraction from the TMSTS. In addition, the quantum teleportation is also examined, which shows that symmetrical photon-added TMSTS may be more useful for quantum teleportation than the non-symmetric case. PACS number(s): 42.50.Dv, 03.65.Wj, 03.67.Mn
I. INTRODUCTION
Quantum entanglement with continuous-variable is an essential resource in quantum information processing [1] , such as teleportation, dense coding, and quantum cloning. In a quantum optics laboratory, a Gaussian twomode squeezed vacuum state is ofen used as entangled resource, which cannot be distilled only by Gaussian local operators and classical communications due to the limitation from the no-go theorem [2] [3] [4] . To satisfy the requirement of quantum information protocols for longdistance communication, there have been suggestions and realizations for engineering the quantum state, which are plausible ways to conditionally manipulate a nonclassical state of an optical field by subtracting or adding photons from/to a Gaussian field [5] [6] [7] [8] [9] [10] [11] . Actually, the photon addition and subtraction have been successfully demonstrated experimentally for probing quantum commutation rules by Parigi et al. [12] .
In order to increase quantum entanglement, two-mode photon-subtraction squeezed vacuum states (TPSSV) have received more attention from both experimentalists and theoreticians [5, 10, [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Olivares et al. [13] considered the photon subtraction using on-off photo detectors and showed improvement of quantum teleportation, depending on the various parameters involved. Kitagawa et al. [14] , on the other hand, investigated the degree of entanglement for the TPSSV by using an on-off photon detector. Using an operation with single photon counts, Ourjoumtsev et al. [15, 16] demonstrated experimentally that entanglement between Gaussian entangled states can be increased by subtracting only one photon from two-mode squeezed vacuum states. In addition, Lee et. al [22] proposed a coherent superposition of photon subtraction and addition to enhance quantum entanglement of two-mode Gaussian sate. It is shown that, especially for the small-squeezing regime, the effects of coherent operation are more prominent than those of the mere photon subtraction and the photon addition.
Recently, we proposed the any photon-added squeezed thermal state theoretically, and investigated its nonclassicality by exploring the sub-Poissonian and negative Wigner function (WF) [23] . The results show that the WF of single photon-added squeezed thermal state (PASTS) always has negative values at the phase space center. The decoherence effect on the PASTS is examined by the analytical expression of WF. It is found that a longer threshold value of decay time is included in single PASTS than in single-photon subtraction squeezed thermal state (STS). In this paper, as a natural extension, we shall introduce a kind of nonclassical statephoton-addition two-mode STS (PA-TMSTS), generated by adding photons to each mode of two-mode STS (TM-STS) which can be considered as a generalized bipartite Gaussian state. Then we shall investigate the entanglement and nonclassical properties.
This paper is organized as follows. In Sec. II we introduce the PA-TMSTS. By using the P-representation of density operator of thermal state, we derive the normal ordering and anti-normal form of the TMSTS, which is convenient to obtain distribution function, such as Qfunction and WF. Then a compact expression for the normalization factor of the PA-TMSTS, which is a Jacobi polynomial of squeezing parameter r and mean number n of thermal state. In Sec III, we present the nonclassical properties of the PA-TMSTS in terms of cross-correlation function, distribution of photon number, antibunching effect and the negativity of its WF. It is shown that the WF lost its Gaussian property in phase space due to the presence of two-variable Hermite polynomials and the WF of single PA-TMSTS always has its negative region at the center of phase space. Then, in Secs. IV and V are devoted to discussing the entanglement properties of the PA-TMSTS by Shchukin-Vogel criteria and the quantum teleportation. The conclusions are involved in Sec. VI.
II. PHOTON-ADDITION TWO-MODE SQUEEZED THERMAL STATE (PA-TMSTS)
As Agarwal et al [24] . introduced the excitations on a coherent state by repeated application of the photon creation operator on the coherent state, we introduce theoretically the photon-addition two-mode squeezed thermal state (PA-TMSTS).
For two-mode case, the photon-added scheme can be presented by the mapping ρ → a †m b †n ρa m b †n . Here we introduce the PA-TMSTS, which can be generated by repeatedly operating the photon creation operator a † and b † on a two-mode squeezed thermal state (TMSTS), so its density operator is
where m, n are the added photon number to each mode (non-negative integers), and N m,n is the normalization of the PA-TMSTS to be determined by trρ SA = 1, and
] is the two-mode squeezing operator with squeezing parameter r. Here ρ th1,2 is a density operator of single-mode thermal state,
wheren is the average photon number of thermal state ρ thj (j = 1, 2). For simplicity, we assume the average photon number of ρ thj (j = 1, 2) to be identical. In addition, the P-representation of density operator ρ thj can be expanded as [25] Eq. (7) is just the normally ordering form of TMSTS to be used to realize our calculations below. In addition, using Eqs.(7), (9) and the formula converting any single-mode operatorÔ into its anti-normal ordering form [31] , 
where we have set
Eq. (11) implies that the P function P (α, β) of the TM-STS is
which leads to the P representation of density operator Sρ th1 ρ th2 S † i.e.,
In particular, for the case without squeezing, r = 0, then Eqs. (7) and (11) just reduce to, respectively,
as expected [25] . It is interesting to notice that, for the case ofn = 0, corresponding to the two-mode squeezed vaccum state (TMSVS), Eqs. (7) and (11) become
which are just the normal ordering form and anti-normal ordering form of the TMSVS. The second equation in Eq.(16) seems a new result. Here, we should mention that the normal (anti-)normal ordering forms of the TMSTS are useful to higher-order squeezing and photon statistics [32, 33] for the TMSTS.
B. Normalization of the PA-TMSTS
To fully describe a quantum state, its normalization is usually necessary. Using Eq.(7), the PA-TMSTS reads as
(17) Thus using the completeness relation of coherent state d 2 αd 2 β |α, β α, β| /π 2 = 1 and Eq.(9), the normalization factor N m,n is given by (Appendix A)
where
2 r +n cosh 2r,
Here we introduce a new expression of generating function for Jacobi polynomials in form (Proof see Appendix B)
thus the normalization factor N m,n can be put into (without loss of generality assuming m n)
where we have used the property of the Jacobi polynomials P
,and ω =n 2 + (2n + 1) cosh 2 r, υ =n (n + 1) cosh 4r + n + cosh 2 r cosh 2r. (22) Eq. (21) indicates that the normalization factor is related to the Jacobi polynomials, which is important for further studying analytically the statistical properties of the PA-TMSTS. Note Eq. 
which is just the normalization of two-mode photonadded squeezed vacuum state [34] .
III. NONCLASSICAL PROPERTIES OF THE PA-TMSTS
In this section, we shall discuss the nonclassical properties of the PA-TMSTS in terms of cross-correlation function, photon statistics, anti-bunching effect and the negativity of its WF.
A. Cross-correlation function of the PA-TMSTS
The cross-correlation between the two modes reflects correlation between photons in two different modes, which plays a key role in rendering many two-mode radiations nonclassically. From Eqs. (17) and (21) we can easily calculate the average photon number in the PA-TMSTS,
and
Thus the cross-correlation function g m,n can be obtained by [35] 
. (26) The positivity of the cross-correlation function g m,n refers to correlations between the two modes. In particular, when m = n = 0 corresponding to the TMSTS, noticing
2 ,which implies that the parameter g 0,0 (r) is always positive for anyn and non-zero squeezing (B 1 = 1). Further, for the case of n = 0, g 0,0 (r) = coth 2 r, which is just the correlation function of the TMSVS; while for r = 0, i.e., the TM-STS, g 0,0 (0) = 0, so there is no correlation between two thermal states, as expected. On the other hand, when m = 0, n = 1, noticing N 1,2 = B 1 (3υ − ω) , N 0,2 = 2B 
2 sinh 2 2r 0, so g 0,1 (r) is always positive. In order to see clearly the variation of g m,n -parameter, we plot the graph of g m,n as the function of r for some different (m, n) andn values. It is shown that g m,n are always larger than zero, thus there exist correlations between the two modes. This implies that the nonclassicality is enhanced by adding photon to squeezed state. For given (m, n) andn values, g m,n increases as r increasing; while g m,n decreases asn decreasing for a given (m, n) value. It is interesting to notice that for single-photonaddition TMSTS, the g m,n parameter presents its maximum value, which implies that single-photon-addition TMSTS may possess a stronger nonclassicality than the other TMSTSs. To compare the further nonclassicality of quantum states for a different number added case, the measurments based on the volume of the negative part of the Wigner function [36] , on the nonclassical depth [37] , and on the entanglement potential [38] , Vogel's noncalssicality criterion [39] and the Klyshko criterion [40] may be other alternative methods.
B. Distribution of photon number of the PA-TMSTS
In order to obtain the photon number distribution (PND) of the PA-TMSTS, we begin with evaluating the PND of TMSTS. For two-mode case described by density operator ρ S , the PND is defined by
αβ * , as well as the normal ordering form of ρ S in Eq.(7), the probability of finding (m a , n b ) photons in the two-mode field is given by (27) where in the last step, we have used the new formula in Eq. (20), and
Thus the PND of TMSTS is also related to Jacobi polynomials of the parameter χ. In particular, whenn → 0 leading to χ → 1, corresponding to the two-mode squeezed vacuum, Eq.(27) reduces to
which is just the PND of two-mode squeezed vacuum state [24] . On the other hand, when r → 0 corresponding to the case of two-mode thermal state, leading to
which is just the product of PNDs of two thermal fields, as expected. Using the result (27) and noticing
Eq. (31) is a Jacobi polynomial with a condition m a m and n b n which shows that the photon-number (m a , n b ) involved in PA-TMSTS are always no-less than the photon-number (m, n) operated on the TMSTS, and there is no photon distribution when m a < m and n b < n. Here we should point out that this result (27) can be applied directly to calculate the PND of some other non-Gaussian states generated by subtracting photons from (or adding photons to) two-mode squeezed thermal states, such as a
C. Antibunching effect of the PA-TMSTS Next we will discuss the antibunching for the PA-TMSTS. The criterion for the existence of antibunching in two-mode radiation is given by [41] 
In a similar way to Eq. (26) we have
Thus, for the state ρ SA , substituting Eqs. (33), (25) and (21) into Eq.(32), yields
(Ω = N m,n − N m+1,n − N m,n+1 ) .
In particular, when m = n = 0 (corresponding to the TMSTS) leading to N 0,0 = 1, N 0,1 = N 1,0 = B 1 , and (35) From Eq. (35), it is easily seen that R ab,m=n=0 < 0 for anyn and non-zero r values. In addition, when m = n, the PA-TMSTS can always be antibunching for a small valuen (see Fig.2(a) ). However, for any parameter values m, n(m = n), the case is not true. The R ab parameter as a function of r and m, n is plotted in Fig. 2 . It is easy to see that, for a given m the PA-TMSTS presents the antibunching effect when the squeezing parameter r exceeds to a certain threshold value. For instance, when m = 0 and n = 1 then R ab may be less than zero with r > 0.1 thereabout (n = 0.01). The value R ab parameter increases withn increasing.
D. Wigner function of PA-TMSTS
For further discussing the nonclassicality of PA-TMSTS, we examine its Wigner function (WF) whose partial negativity implies the highly nonclassical properties of quantum states. In this section, we derive the analytical expression of WF for the PA-TMSTS. The normally ordering form of the PA-TMSTS shall be used to realize our purpose.
For the two-mode case, the WF W (α, β) associated with a quantum state ρ can be derived as follows [42] :
where |z 1 , z 2 = |z 1 |z 2 is the two-mode coherent state. Substituting Eq. (17) into Eq.(36), we can finally obtain the WF of the PA-TMSTS (see Appendix C), where W 0 (α, β) is the WF of TMSTS,
Equation (37) is just the analytical expression of the WF for the PA-TMSTS, a real function as expected. It is obvious that the WF lost its Gaussian property in phase space due to the presence of two-variable Hermite polynomials H m−l,n−j (x, y). From Eq.(39), we see that when m = n = 0 corresponding to the TMSTS, F 0,0 = 1, and W m,n (α, β) = W 0 (α, β); whereas for the case of m = 0 and n = 0, noticing H 0,n (x, y) = y n and N 0,n = n!B n 1 , Eq.(37) reduces to
where L n is the n-order Laguerre polynomial. Eq. (41) is just the WF of the PA-TMSTS generated by single-mode photon addition, which becomes the WF of the negative binomial state S(r) |0, n withn = 0 [JOSAB, ??]. In particular, for the case of single photon-addition, n = 1, it is found that W 0,1 (0, 0) = − n + cosh 2 r / (2n + 1)
which implies that the WF of single PA-TMSTS always has its negative region at the phase space center α = β = 0. The maximum value of |W 0,1 | decreases with the increasement ofn and r but not disappears, which can be seen clearly from 
IV. ENTANGLEMENT PROPERTIES OF THE PA-TMSTS
It is well known that photon subtraction/addition can be applied to improve entanglement between Gaussian states [15, 43] , loophole-free tests of Bell's inequality [44] , and quantum computing [19] . In this section, we examine the entanglement properties of PA-TMSTS only with single and two photon-addition. Here, for a bipartite continuous variable state, we shall take the Shchukin-Vogel (SV) [39] criteria to describe the inseparability of PA-TMSTS. According to the SV criteria, the sufficient condition of inseparability is
In a similar way to derive the normalization factor Eq. (21), using Eqs. (17) and (18), we have
Thus SV is given by
Next, we examine two special cases. For the case of m = 0, n = 1, using Eqs. (21) and (45), as well as noticing N 0,1,1,2 = N 1,0,2,1 = 2B 1 B 2 , Eq. (46) becomes
While for the case of m = n = 1, it is shown that (N 1,2,1,2 = N 2,1,2,1 = 2 2B
In particular, whenn = 0, i.e., the single PA-TMSVS, Eq. (47) is always negative for any r > 0, as expected (also see Fig.6 (a) ). In general, it is difficult to obtain the explicit expressions of the sufficient condition of inseparability for the above cases. Here, we appeal to the number calculation shown in Fig.6 . It is shown that for single PA-TMSTS with a smaller average photon numbern, the condition SV 0,1 < 0 can always be satisfied only if r > 0; while for a largern then the condition SV 0,1 < 0 is satisfied only when the squeezing parameter r exceeds a certain threshold value r a . However, it is very interesting to notice that for the photon-subtraction TMSTS, there is a threshold value r c for anyn, i.e., r > r c ≡ 1 2 ln(2n + 1) [45] , which is different from the case of single PA-TMSTS. For instance, forn = 1, the two threshold values are r a ≈ 0.31 and r c ≈ 0.55. This comparision may imply that the photon-addition to the TMSTS can be more effective for the entanglement enhancement than the photon-subtraction from the TM-STS. On the other hand, for the case of the PA-TMSTS with m = n = 1 (see Fig.6 (b) ), it is found that a certain threshold is needed for satisfying this condition SV 1,1 < 0, which is also smaller than that of the photonsubtraction TMSTS.
V. QUANTUM TELEPORTATION WITH PA-TMSTS
As mentioned above, photon-subtraction from or photon-addition to bipartite Gaussian states can be used to improve the entanglement. In this section, we investigate the quantum teleportation with PA-TMSTS, especially for the cases m = 0, n = 1 and m = n = 1. The role of teleportation in the CV quantum information is analyzed in the review Ref. [46] . Here, we consider the QT by using PA-TMSTS as entangled resource. Using the normal ordering form Eq. (17) and noticing the displacement operator D a (α) = e 
where for further calculation the differential form of χ E is kept.
To quantify the performance of a QT protocol, the fidelity of QT is commonly used as a measure, F =tr (ρ in ρ out ), a overlap between a pure input state ρ in and the output (teleported, mixed) state ρ out . For a CV system, a teleportation protocol has been given in terms of the CFs of the quantum states involved (input, source and teleported (output) states) [47] . It is shown that the CF χ out (η) of the output state has a remarkably factorized form
where χ in (η) and χ E (η * , η) are the CFs of the input state and the entangled source, respectively. Then the fidelity of QT of CVs reads [47] 
Here, we consider the Braunstein and Kimble protocol [48] of QT for single-mode coherent-input states |γ . Note that the fidelity is independent of amplitude of the coherent state, thus for simplicity we take γ = 0, then we have only to calculate the fidelity of the vacuum input state with the CF χ in (η) = exp[− |η| 2 /2]. On substituting these CFs into Eq.(51), we worked out the fidelity for teleporting a coherent state by using the PA-TMSTS as an entangled resource,
It can be seen that the fidelity is not only dependent on the parameter r, the average photon-numbern, but also on the photon number (m, n) added to each mode of the TMSTS. In particular, when m = n = 0, Eq.(52) just reduces to
which leads to the condition r > 
Further, when (m, n) = (0, 0) , (1, 1) and (0, 1), Eq.(53) just reduce, respectively, to (17) in Ref. [49] .
In Fig. 7 , for some given (m, n) values, the fidelity of teleporting the coherent state is shown as a function of r by using the PA-TMSTS as the entangled resource. It is shown that the fidelity with this resource is smaller than that with TMSTS, although the PA-TMSTS posesses larger entanglement [49] . In addition, for the symmetrical case m = n, when the squeezing parameter r exceeds a certain threshold value, the fidelity increases with a increasing m (see Fig.7(c) ); while for non-symmetric case m = n, the fidelity decreases with increasing n (see Fig.7(b) ). For the former, the threshold value r decreases with increasing m (= n); the case is not true for the latter. This indicate that the symmetrical PA-TMSTS may be more effective for QT than the non-symmetric case.
VI. CONCLUSIONS
In this paper, we introduce the PA-TMSTS and investigate its entanglement and nonclassicality. By using the coherent state representation of thermal state, the normally and antinormally ordering forms of the TMSTS are obtained. Based on this, the normalization factor of the PA-TMSTS is derived, which is related to the Jacobi polynomials of the squeezing parameter r and average photon numbern of the thermal state. Then we discuss the nonclassical properties by using cross-correlation function, distribution of photon number, antibunching effect and the negativity of its WF. It is found that the WF lost its Gaussian property in phase space due to the presence of two-variable Hermite polynomials and the WF of single PA-TMSTS always has its negative region at the center of phase space. Further, there are more visible negative region than the WF for the case of m = n = 1. And the negative region will be absence for the latter with the increasingn value. The entanglement properties of the PA-TMSTS by Shchukin-Vogel criteria and the quantum teleportation. It is shown that the photon-addtion to the TMSTS can be more effective for the entanglement enhancement than the photon-subtraction from the TMSTS; And using the PA-TMSTS as an entangled resource, the fidelity for teleporting a coherent state is not only dependent on the parameter r, the average photonnumbern, but also on the photon number (m, n) added to each mode of the TMSTS. From this point, the symmetrical PA-TMSTS may be more effective for quantum teleportation than the non-symmetric case.
Using Eq. (9), (A2) becomes
where we have used A 1 /(A 
Appendix B: New expression of generating function for Jacobi polynomials
In this appendix, we shall prove Eq. (20) . Rewriting
.
(B1) Expanding the exponential items, we see
Comparing Eq.(B2) with the standard expression of Jacobi polynomials,
we can find that taking m n and y =
In a similar way, for n m, we also have
Thus we finish the proof of Eq. (20) . In addition, when m = n, Eq. (20) = W 0 (α, β) F m,n (α, β) ,
where W 0 (α, β) is defined in Eq. (38) , and 
as well as
2n + 1 , K 3 = sinh r cosh r 2n + 1 .
Expanding the partial exponential items in Eq.(C2), then Eq.(C2) becomes 
Eq.(C5) can be put into the following form 
Taking the following transformations 
